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ABSTRACT 

We propose a new formulation of chiral fermions on a lattice, on the basis of a 
lattice extension of the covariant regularization scheme in continuum held theory. 
The species doublers do not emerge. The real part of the effective action is just 
one half of that of Dirac-Wilson fermion and is always gauge invariant even with 
a hnite lattice spacing. The gauge invariance of the imaginary part, on the other 
hand, sets a severe constraint which is a lattice analogue of the gauge anomaly free 
condition. For real gauge representations, the imaginary part identically vanishes 
and the gauge invariance becomes exact. 
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Inspired by the covariant regularization scheme [1,2,3] in the continuum held 
theory, one of us recently proposed a manifestly gauge covariant treatment of chiral 
fermions on a lattice [4], However, the proposal was heavily relying on the notion 
in perturbation theory and its validity was demonstrated only in the continuum 
limit. Many important issues, such as the integrability (see below), were also not 
clarihed there. In this article, we remedy these points and try to set up a truly 
non-perturbative framework with the same strategy. 

The basic idea of [4] is the following: At present, it seems impossible to 
construct a lattice action of chiral fermions which explicitly distinguishes gauge 
anomaly free representations from anomalous ones. This implies that we cannot 
expect a sensible manifestly gauge invariant lattice formulation because it will not 
reproduce in the continuum limit the gauge anomaly for the anomalous cases. If 
one nevertheless forces the manifest gauge invariance, the species doublers [5,6], 
which cancel the gauge anomaly, will emerge; thus we have to break the gauge sym¬ 
metry at a certain stage. With these observations, a formulation which preserves 
the gauge symmetry as much as possible in both the anomalous and non-anomalous 
cases seems desirable. 

The covariant regularization [2,3] is such a regularization scheme in the contin¬ 
uum theory. The scheme does not spoil all the gauge invariance even in anomalous 
cases; instead it sacrihces Bose symmetry among gauge vertices in a fermion one- 
loop diagram. In this scheme, one starts with a regularized gauge current operator 
(the covariant gauge current), 

^ - hm tTTVPRfi0yA^)^6ix - y), 

y^x lip 

where Pr = (l-|-75)/2 is the chirality projection operator and Ip = 7'‘(a„+M‘r») 
is the covariant derivative; note that Dirac propagator is used. In (1), A is the cutoff 
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parameter and the regulating factor f(t) satisfies /(O) = 1 and f{oo) = f\oo) = 
/"(oo) = ■ • ■ = 0. The dehnition immediately follows the gauge covariance of the 
current operator, namely, under the gauge transformation on the background gauge 
held A^{x) —> —iV{x)d^V^{x) + V{x)Af^{x)V^(x), the gauge current transforms 
gauge covariant ly 

(j^\x)) ^ - hm tT[V^x)T^V{x)]^^PRf{]pyA‘^)^6{x - y). (2) 

In other words, the gauge invariance at external gauge vertices of a fermion one 
loop diagram except that of J^^{x) is preserved in the scheme. Because of this Bose 
asymmetric treatment of gauge vertices, the gauge invariance can be “maximally” 
preserved even in anomalous cases. As a consequence, the gauge anomaly has the 
covariant form. 

Once the gauge current operator is dehned in this way, the effective action r[A] 
might be obtained from the relation 



However such a functional r[A] exists only if the covariant gauge anomaly vanishes. 
The simplest way to see this is to note the covariant anomaly does not satisfy Wess- 
Zumino consistency condition [7], which is a consequence of the integrability (3). 
The integrability or the Bose symmetry, however, is restored when we can further 
impose the gauge invariance on J^^(a;)-vertex, i.e., anomaly free cases. In fact, for 
anomaly free cases, one can write down a formula of r[A] [3], 



where the gauge current in the right hand side is the covariant current (1) and 
the subscript g means it is evaluated by a covariant derivative with a coupling 
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constant g, lj)g = 7^(i9^ + igA^^T^). When the gauge anomaly is absent, one 
can prove [3] that the integrable current (3) coincides with the covariant one (1) 
(in the inhnite cutoff limit A — (X)). In this scheme, therefore, anomalous cases 
are distinguished by the non-integrability without explicitly spoiling all the gauge 
invariance. 

The covariant current (1) is not in general integrable, i.e., not a functional 
derivative of something. This means that in particular it cannot be written as a 
functional derivative of the functional integral of a certain action [8]. However one 
may directly work with the fermion propagator and the gauge current operator as 
in (1). This is also true in the lattice theory; the crucial point of our approach is 
to “forget” about the action [4]. 

Let us now translate the above strategy of covariant regularization into the 
lattice language as much as possible. Of course, there is a wide freedom to do so, 
partially corresponding to the freedom of regulating factor f{t). However the detail 
of the extension should not be important and we first require followings: 1) The 
expression reduces to the continuum analogue in the naive (or classical) continuum 
limit. 2) The lattice propagator has no doubler’s pole. 3) The lattice fermion 
propagator transforms gauge covariantly, namely, under the gauge transformation 
on the link variable Uf^{x) V{x)Uf^{x)V^{x + a^), the propagator transforms as 
G{x,y) ^V{x)G{x,y)V^{y). 

For dehniteness and for simplicity, we will use Wilson propagator [9] in this 
article: 


G{x,y) 


-1 


ilp{x) + R{x 


-S{x,y) = S{x,y)- 


i^{y) + R{y) 


( 5 ) 


where the delta function on the lattice is dehned by S{x,y) = 5x,y/a'^', ]p{x) is the 
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lattice covariant derivative and R{x) is Wilson term: 

^ i E - 2]. 


( 6 ) 


and 

$(x) = -^7f‘i[C/^We-^ -e“ic/tW], 

^ - ( 7 ) 

[Uf,{x)e~^^>^ + e“^^f/J(a;) - 2]. 

fj- 

In the above expressions, a is the lattice spacing and exp(±a(9^) is the translation 
operator to p-direction by a unit lattice spacing. The equality of two expressions 
in (5) follows from two equivalent forms of Wilson action, 


U] = ^ ip{x) [i]p{x) + R{x)]ip{x) = —[i lp{x) + R{x)\'ip{x). 

X X 

( 8 ) 

In contrast to the continuum Dirac propagator in (1), the Wilson term mixes the 
right handed and left handed chiralities* However we do not think this is so 
problematical because anyway the physical particle picture emerges only in the 
continuum limit and, in the continuum limit, we expect this chirality mixing due 
to the Wilson term vanishes. Note that the Wilson propagator nevertheless has 
the required gauge covariance property. 

As the lattice analogue of the covariant gauge current, therefore we shall study 
following object: 

A[U,SU] = —tr [iSIp{x)Pfi -\ — SR{x)]G{x,y) 

^^ 2 y=x 

" - 1 ^ ( 9 ) 

= a^'^tTG{y,x)[iS ^{x)Pr +-6 R{x)] 

Z y=x 

* One may even avoid this chiral symmetry breaking by making use of more ingenious prop¬ 
agator in [10]. See [4]. 
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where 6U represents an infinitesimal variation of the link variable and its conjugate 
is defined by 6Uji{x) = —Uji{x)6Ufj,{x)ul{x). The second expression follows from 
the definitions ( 6 ) and (7) and the fact that we can freely shift the “integration 
variable” x. As the analogue of (3), we identify it with the variation of the effective 
action: 

A[U,6U] = 6T[U]. (10) 

The defining relations, (9) and (10), are suggested by the naive relation: exp r[f/] = 
J V'ljj'D'ijj expla"^ Ylx [The variation of Wilson term 5R{x) in (9) 

will be necessary for the integrability.] The integrability (10) is of course not a 
trivial statement and will be investigated below. 

We first note the manifest gauge covariance of A[U, SU]: 

A[V{x)Uf,{x)vHx + a^), 6Uf,{x)] = A[U^{x), vHx)6U^{x)V{x + a^)]. (11) 

That is, A[U,6U] behaves gauge covariantly under the gauge transformation on 
the background U. This is an analogous relation to (2). 

Next, we separate the “would-be variation” A[U,SU] into the real and imagi¬ 
nary parts. We note relations hold for an arbitrary matrix m{x), 

lp{x)*m{x) =—[m{x)'^ ]p{x)]'^, R{x)*m{x) =—[m{x)'^ R{x)]'^ , (12) 

where T^* = 7 ^* = — 7 ^^ and 75 = 75 " have been used. Using these relations, 

we find, 

G{x, y)* G{y, x^^l- (13) 


From (12) and (13), the complex conjugate of A[U, 6U] is given by 
A[U,5U]* = tr G{y,x) [id 1 P{x)Pl + ^<5/^(a;)] 

X 2 y=, 

= —tr [iS]p{x)PL H— SR{x)'\ G{x, y) 


Then a comparison with (9) shows the real and imaginary parts are respectively 
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given by 


ReA[[/,(5?7] 


— ii\i5ll){x) + 5R{x)\G{x^y) , 

2 y=x 


(15) 


and 


ilmA[U,5U] 



'^tr i51p{x)'y5G{x,y) 



'^tTG{y,x)iS]p{x)^5 

X 


y=x 


(16) 


Now, for the real part of A[U,6U] (15), we immediately see the integrability 
and the gauge invariance. By the gauge invariance, we mean that the “would- 
be variation” of the effective action, A\U,5U], vanishes along the direction of the 
gauge degrees of freedom. That is. 


Re A[f/, = 0, for 5\U^{x) = -i\{x)U^{x) + iU^{x)\{x + a^), (17) 

where A(a;) = X^{x)T^. One can easily verify this relation by using above defini¬ 
tions. This gauge invariance property of the real part is almost trivial in our con¬ 
struction, because Re A[f/, SxU] is simply one half of that of Dirac-Wilson fermion: 

ReA[U,SU] =(5ri[7/], Ti[U] = ^\ndet[il/){x) + R{x)]. (18) 

Note that the last expression is well-dehned and not a formal one with the lattice 
regularization. Therefore, for the real part, we arrived at a quite simple picture: 
The real part of A[U,6U] can always be regarded as a variation of the effective 
action ri[f/], which is just one half of the effective action of Dirac-Wilson fermion. 
In other words, the chiral determinant obtained by “integrating” Re A[f/, 6U] gives 
rise to the square root of Dirac-Wilson determinant. Although the gauge invariance 
of the real part of the effective action is almost trivial in this way, this seems very 
interesting because the gauge invariance of the real part is one of main achievements 
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of recent researches [11,12,13,14], In our approach, the origin of this nice behavior 
of the real part may be traced to the basic idea of covariant regularization, i.e., 
maximal gauge invariance. We note that our treatment of the real part turned out 
to be almost identical to that of [14], 

The gauge invariance of the imaginary part, on the other hand, is difficult. A 
short calculation shows, 

ilm/\[U,5xU] = a^^\^{x)A^{x), (19) 

X 

where A^{x) is given by 

A^{x) = -^ tr [G{y, x) lp{x)'-i^T^ - T^'y 5 lp{x)G{x, y)] . (20) 

2 y=x 

In fact this is a lattice analogue of the gauge anomaly: By considering the axial 
rotation ip{x) exp[i 6 '^(a;)T^ 75 ]'^(a;) and ip^x) ■^(x) exp[i 6 '^(a;)T^ 75 ] in the 
Wilson action ( 8 ), we can compute A^{x) in the continuum limit [5,15] and hnd 
the covariant gauge anomaly 

lim A\x) = ( 21 ) 

Therefore, if the gauge representation is anomaly free, the imaginary part of 
A[U,6U] vanishes along the gauge variation in the continuum limit and the ef¬ 
fective action becomes gauge invariant; this is the expected property. However this 
is not sufficient for the gauge invariance with a finite lattice spacing. It is clear 
that A^{x) = 0 with a hnite lattice spacing is a much stronger condition than the 
anomaly free condition in the continuum theory. We can furthermore show that 
the integrability of the imaginary part also requires A^{x) = 0 (see Appendix), 
thus the integrability does not hold unless A^{x) = 0 . 

Therefore we again face the usual difficulty of lattice chiral gauge theory that 
the gauge mode decouples only in the continuum limit, even in anomaly free cases. 
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Although the natural lattice extension of the covariant regularization provides a 
simple picture for a treatment of the real part of the effective action, it does 
not solve the main difficulty of anomaly free complex representations in the lattice 
chiral gauge theory. For the general discussion on the imaginary part of the effective 
action of lattice chiral fermion, see [16]. Eq. (21) suggests that the difficulty of our 
approach might be avoided only by invoking the double-limit procedure in [14]. 

However at least for real gauge representations, we can show the above prob¬ 
lems of the gauge invariance and the integrability do not occur at all. This is 
because the imaginary part of A[U,SU] (16) identically vanishes for real repre¬ 
sentations. The demonstration is straightforward: For a real representation T^, 
there exists a unitary matrix u which maps into the conjugate representation, 
uT^u^ = —T^* = —We then insert u^C~^Cu = 1 into the first line of (16). 
(C is the charge conjugation matrix, = — 7 ^^ and thus = 75 ".) 

Then by noting 

CuSp{x)u^C~^m{x) =—[m{x)'^6 , CuG{x,y)u^C~^ = G{y,x)'^, ( 22 ) 


we find 


ilmA[U,6U] = —tr G{y, x)id lp{x)'^^ 


y=x 


(23) 


A comparison with (16) shows the imaginary part of A[U, 6U] identically vanishes; 
A[U, 6U] is purely real. 


Therefore, the treatment of real representations is simple: The variation of 
the effective action is given by (15), which is nothing but the half of that of Dirac- 
Wilson fermion. We note that, although this seems almost trivial, the square root of 
Dirac determinant in general cannot be expressed as a functional integral of a local 
action. In particular, it seems impossible to construct a gauge invariant Wilson 
action for an odd number of chiral fermions in a pseudo-real representation. The 
expression of the variation of effective action (15) furthermore seems congenial to 
Metropolis algorithm, in which the difference of the effective action between two 
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gauge field configurations is the basic building block. Thus we propose the use 
of (15). We have also established the reality of the variation that is required in 
Metropolis algorithm. Of course, since eq. (15) represents only an inhnitesimal 
change of the effective action, presumably one has to divide a hnite variation 
associated with the update of a link variable into sufficiently many pieces. 

Relating to the actual numerical application, we have to investigate also the 
necessity of the hne tuning. Although usually Wilson fermion requires the fine 
tuning to restore the chiral symmetry [5], we do not see the necessity in our for¬ 
mula (15): The conhguration of the link variable is kept hxed when computing 
the variation A[f/, SU] and the original Wilson propagator (5) as it stands is used. 
Therefore, for us, it seems that the “back-reaction” of the gauge held dynamics 
does not modify the above properties. 

The overlap formulation [11,12] also possesses nice properties such that the 
real part of the effective action is gauge invariant and that there is no need of the 
hne tuning. However, the overlap has the remarkable property [11] that a relation 
of non-trivial topological gauge held conhgurations and the fermionic zero mode is 
explicit. In our approach, an investigation on such a “global property” has to be 
postponed as a future work. 

Finally we comment on the relation to the continuum theory. By parameter¬ 
izing the link variable as U^{x) = exp[mAj)(a;)T^], the gauge current is dehned 
by 



/\[U,5U] 

a‘^5A^^{x) 


1 

^PiaAi,{x)rj^b^-f3iaA^{x) 

0 




IT 

(APb-1^)U„(x)G(x + 


IT 

a^,x) + {'J^Pr + —)G{x, X 



( 24 ) 
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The fermion one loop vertex functions are defined accordingly, 



When a new lattice formulation is proposed, it is important to examine the con¬ 
tinuum limit in the perturbative treatment. However, in our formulation, the real 
part of the gauge current (24) is just one half of that of the conventional Wilson 
fermion. Therefore, for the real part. Ward identities associated with the gauge 
symmetry [5], which are linear relations among vertex functions, trivially hold. 
Also all the perturbative calculations for the vertex functions of Wilson fermion 
can be used by simply dividing by two. For example, we may use the result of [17] 
for the vacuum polarization tensor (because of 75 , the imaginary part does not 
contribute to this function) to yield. 


lim r^^'’"(p) 
a^O 


2471 ^ 


trT^T^(pV-^^V) 


47r 5 

log-TT + F “ 127r2L(r) 

—a^p^ 6 


. (26) 


where the function L{\) is given by Eq. (3.25) of [17]. 

For the imaginary part of the gauge current (24), our construction (16) is 
quite faithful to the idea of covariant regularization. For example, using the gauge 
covariance (11), we can derive Ward identities associated with the gauge invariance 
at external vertices [4]: 


Piy lim F^'^^°(p) = 0 , 

a^O ^27) 

p^ lim q) + lim F^^®'^(g) - lim F^^'’®(p + g) = 0 , 

a —>0 a—>0 a—>0 


and so on. Eq. (21) on the other hand shows we have the covariant gauge anomaly, 
which completely vanishes for anomaly free cases without any gauge non-invariant 
counter terms. Therefore, assuming the Lorentz covariance is restored, we can 
expect the continuum limit of our formulation reproduces all the results of the 
covariant regularization in the continuum theory. 


11 



We thank K. Haga for collaboration in the early stage. We are gratefnl to 
Prof. K. Fnjikawa for discussions and to Prof. H. Banerjee and Prof. P. Mitra for 
answering our question on [3]. We are also grateful to Prof. S. V. Zenkin for helpful 
information. The work of H.S. was supported in part by the Ministry of Education 
Grant-in-Aid for Scientihc Research, Nos. 09740187, 09226203 and 08640348. 


APPENDIX 


In this Appendix, we present a relation between the integrability of the imagi¬ 
nary part of A[7/, 5U] and the “anomaly free condition” A^{x) = 0. First we define 
a quantity: 


a‘^SU^{x)ji 


(A.l) 


We perform the inhnitesimal gauge transformation 6xU in (17) in the both sides 
of this equation. In the left hand side, the gauge transformation may be generated 
by a differential operator. 


= 5Z{-4rU(!/)] 


5 


Ik 


miy)ik 


+ i[U^iy-anT’’' 


6 


Ik 


SUv{y - A 


Ilk 


(A.2) 


It is easy to see that \^{x)G^{x) generates the inhnitesimal gauge transforma¬ 
tion. Then we can cast the gauge variation of the left hand side into the following 
form; 

+ + i[UAv - ‘‘'')T%,TZr^,(x,y- a-)}. 

(A.3) 

In deriving this identity, we hrst interchanged the places of ij and kl. This produced 
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a “functional rotation” of K, 


_ SKf^{x)ij 5K’^{y)ki 

SUMik SU^{x)ji ■ 


(A.4) 


We then changed the order of the derivative and U. This produced the commutator 
term in the second line of (A.3). 


Now, the right hand side of (A.l) transforms gauge covariantly under the in- 
hnitesimal gange transformation. This can be written as 

(a.5) 

Therefore, from (A.3) and (A.5), we hnd 


= -i[UAy - a'')T'’],,n'‘l„{x,y- a-)}. 

V 


(A.6) 


The right hand side of this equation can be regarded as the covariant divergence 
of the fnnctional rotation 7^. We can interpret this identity from two different 
view points. First, if the lattice gange anomaly A^{x) vanishes, then the covariant 
divergence of the fnnctional rotation TZ vanishes. A similar relation to (A.6) exists 
in the continnnm theory and, when the gange anomaly is absent, it can be used to 
show the functional rotation of the covariant gange cnrrent vanishes. This fact was 
used to show the integrability of the covariant current in anomaly free cases [3]. In 
our present lattice case, nnfortnnately, we could not prove that the corresponding 
statement that the covariant conservation, i.e., (A.6) = 0, implies the vanishing 
of TZ. If the fnnctional rotation (A.4) itself is zero, then Poincare’s lemma may be 
used to show the (local) integrability of the imaginary part. 


ilmA[U,5U] = 5T2[U]. 


(A.7) 


On the contrary, if we assume the integrability (A.7), we have TZ = 0 and (A.6) 
shows A^{x) is independent of U. However we can directly compnte A^{x) for 
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U = 1 with a finite lattice spacing and find j^{x) = 0 for t/ = 1. Consequently, 
the integrability requires the lattice anomaly free condition, A^{x) = 0. 
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